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ON THE CHARACTERIZATION OF DANIELEWSKI SURFACES BY THEIR
AUTOMORPHISM GROUP
ALVARO LIENDO, ANDRIY REGETA, AND CHRISTIAN URECH
ABSTRACT. In this note we show that if the automorphism group of a normal affine surface S is isomorphic
to the automorphism group of a Danielewski surface, then S is isomorphic to a Danielewski surface.
INTRODUCTION
Throughout this note we work over the field of complex numbers C and affine algebraic varieties are
always considered to be irreducible. One of our main results in [LRU18] is the proof that affine toric
surfaces are uniquely determined by their automorphism groups in the category of normal affine surfaces.
In this note we apply similar techniques to investigate in as far this result can be extended to other classes
of affine surfaces with a large automorphism group.
A well studied class of affine surfaces are Danielewski surfaces, i.e. surfaces of the form Dnp =
{xny = p(z)} ⊂ A3 for some polynomial p ∈ C[z]. We denote by D̂np the normalization of D
n
p . These
surfaces were introduced by Danielewski in order to construct a counterexample to the cancellation
problem ([Dan89]). Since then, numerous papers have been published on the subject, in particular with
regards to the rich structure of their automorphism groups. The automorphism groups of two generic
smooth Danielewski surfaces D̂1p and D̂
1
q are isomorphic. This follows from [ML90, Theorem and
Remark (3) on page 256], see also [KL16, Theorem 2.7]. Therefore, the automorphism group of a
Danielewski surface does not determine the surface in general. However, we prove the following result:
Theorem 1. Let S be a normal affine surface and D̂np be the normalization of a Danielewski surface
Dnp for some p ∈ C[z] and n ∈ Z>0. If Aut(S) and Aut(D̂
n
p ) are isomorphic as groups, then S is
isomorphic to the normalization D̂mq of a Danielewski surface D
m
q for some polynomial q ∈ C[z] and
somem ∈ Z>0. Moreover, if n = 1 thenm = 1.
Remark 2. It is proved in [LR17] that for two polynomials p and q with simple roots, Aut(D1p ) is
isomorphic to Aut(D1q ) as a so-called ind-group if and only if D
1
q is isomorphic to D
1
p as a variety, as
opposed to the case of abstract group isomorphisms. Together with Theorem 1 this gives us that D1p is
determined by its automorphism group seen as an ind-group in the category of smooth affine surfaces.
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ROOT SUBGROUPS OF NON-TORIC Gm-SURFACES
A Gm-surface is a surface S together with a given faithful regular Gm-action on S. Let T ⊂ Aut(S)
be the acting torus. A root subgroup of S with respect to T is an algebraic subgroup U ⊂ Aut(S)
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isomorphic to Ga that is normalized by T . Let λ : Ga → U be an isomorphism. There exists a character
χ : T → Gm not depending on the choice of λ such that t ◦ λ(s) ◦ t
−1 = λ(χ(t)s). This character is
called the weight of U . In [FZ03] a classification of normal affine Gm-surfaces was given followed by a
classification of their root subgroups in [FZ05]. We recall here the main features of the classification that
we need in this paper. In the foundational paper [OW77], Gm-surfaces are classified according to their
dynamical type.
Definition 3. A Gm-surface is elliptic if the Gm-action has an attractive fixed point, parabolic if the
Gm-action has infinitely many fixed points and hyperbolic if the Gm-action has at most finitely many
fixed points none of which is attractive.
In more algebraic terms, aGm-action α : Gm×S → S on an affine surface S gives rise to a Z-grading
of the ring of regular functions given by
O(S) =
⊕
i∈Z
Ai, where Ai =
{
f ∈ O(S) | α∗(f) = ti · f
}
.
Elements inAi are called the semi-invariants of weight i ∈ Z. In terms of the Z-grading, aGm-surface
is hyperbolic if and only if there exist non-trivial semi-invariants of weights of different signs. In this
case the generic orbit closures are isomorphic to A1∗. If the surface is not hyperbolic, then all the semi-
invariants that are not invariants have the same sign and the normalizations of the generic orbit closures
are isomorphic to A1. If the only invariant functions are the constants, we are in the elliptic case. Finally,
in the parabolic case the ring of invariant functions has transcendence degree 1 and so there is a curve of
Gm-fixed points in the surface.
We are only interested in root subgroups of non-toric Gm-surfaces. This considerably restricts the root
subgroups we encounter. A root subgroup U is called fiber type if the field of rational Gm-invariants is
contained in the field of rational U -invariants. If U is not fiber type, it is called horizontal type. In the
elliptic case, by [FZ05, Theorem 3.3] only toric surfaces admit root subgroups in their automorphism
group. In the non-toric parabolic case, by [FZ05, Theorems 3.16] all the root subgroups are fiber type.
Finally, in the hyperbolic case, by [FZ05, Lemma 3.20] the ring of invariants of any root subgroup
intersected with the ring of Gm-invariants is only the constant, and hence all the root subgroups are
horizontal.
In algebraic terms, root subgroups are in one to one correspondence with homogeneous locally nilpo-
tent derivations of the Z-graded algebra O(S). A homogeneous locally nilpotent derivation is a C-
linear map δ : O(S) → O(S) that maps semi-invariants to semi-invariants, satisfies the Leibniz rule
δ(fg) = fδ(g) + gδ(f) for all f, g ∈ O(S) and for every f ∈ O(S) there exists n ∈ Z>0 such that
δn(f) = 0, where δn denotes the composition of δ with itself n-times. See [LRU18, Section 4.1] for a
more detailed description of root subgroups in terms of homogeneous locally nilpotent derivations.
Theorem 4 ([LRU18, Theorems 1.1 and 1.2]). Let S and S′ be normal surfaces with S non-toric.
Assume that Aut(S) contains algebraic subgroups T and U isomorphic to Gm and Ga, respectively. If
there exists a group isomorphism ϕ : Aut(S)→ Aut(S′), then the following hold:
(a) The image ϕ(T ) ⊂ Aut(S′) is an algebraic subgroup isomorphic to Gm.
(b) There exist root subgroups in Aut(S) and they are mapped to root subgroups preserving weights
up to torus isomorphism.
(c) The surfaces S and S′ are of the same dynamical type.
We will also need the following lemma proven in [LRU18].
Lemma 5 ([LRU18, Lemma 4.17]). Let S be a non-toricGm-surface. A surface S admits root subgroups
of different weights if and only if S is hyperbolic. Furthermore, in this case all root subgroups have
different weights.
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In [FZ03, Section 4.2] it is shown that every hyperbolic affine Gm-surface is equivariantly isomorphic
toX = SpecA, where
A =
⊕
i<0
H0(C,O(⌊−iD−⌋)) ⊕
⊕
i≥0
H0(C,O(⌊iD+⌋)) ,
where C is a smooth affine curve and D+,D− are two Q-divisors on C satisfying D+ + D− ≤ 0.
Moreover, in this case the curve C is the algebraic quotient ofX byGm andX is uniquely determined by
D+ and D− up to linear equivalence. More precisely, the couples of divisors (D+,D−) and (D
′
+,D
′
−)
on C give rise to equivariantly isomorphic Gm-surfaces if and only if D+ = D
′
+ + div(h) and D− =
D′− − div(h), for some rational function h on C .
Example 6. In [FZ03] the following descriptions are given:
(a) By [FZ03, Example 4.10] the normalization D̂np of the Danielewski surface D
n
p is given by the
data D+ = 0 and D− = −
1
n
div(p) on A1.
(b) By [FZ05, Lemma 4.17 (1)] the homogeneous space SL2 /T ≃ P
1 × P1 \ ∆ where ∆ is the
diagonal is given by the combinatorial data D+ = 0 and D− = −[1]− [−1] on A
1.
(c) By [FZ05, Lemma 4.17 (2)] the homogeneous space SL2 /N ≃ P
2 × P1 \ C where C a smooth
conic is given by the combinatorial data D+ =
1
2 [0] and D− = −
1
2 [0]− [1] on A
1.
Lemma 7. Let Let S be a non-toric Gm-surface. Then there are two root subgroups with respect to T in
Aut(S) whose weights differ by one if and only if S is the normalization of a Danielewski surface.
Proof. Assume there are two root subgroups with respect to T in Aut(S) whose weights differ by one.
Since there are root subgroups of different weights, by Lemma 5, we have that S is hyperbolic. In the
language of [FZ03] S is described by the couple of Q-divisors D+ and D− on a smooth affine curve C .
Since S is hyperbolic, all root subgroups in Aut(S) are of horizontal type. By [FZ05, Lemma 3.5], this
implies that C ≃ A1. By [FZ05, Theorem 3.22], we have D+ = −
e′
d
· [0] and the weight e of a root
subgroup must satisfy ee′ = 1 mod d, where 0 ≤ e′ < d. But S admits root subgroups whose weights
differ by 1. This yields d = 1 and so e′ = 0 or, equivalently, D+ = 0. Now, by Example 6 (a), it follows
that S is isomorphic to the normalization of a Danielewski surface.
On the other hand, the normalization D̂np of the Danielewski surface D
n
p is given by the data D+ = 0
andD− = −
1
n
div(p) on A1 as in Example 6 (a). Applying [FZ05, Theorem 3.22] a routine computation
yields that the non-negative weights of root subgroups in Aut(D̂np ) are exactly the integers greater or
equal than n
l
, where l is the smallest order of a root of p(z). This proves the lemma. 
Remark 8. For the proof of Theorem 1 we need to compute the weights of root subgroups in Aut(D1p ).
For root subgroups with non-negative weights this was done in the proof of Lemma 7. Indeed, the non-
negative weights of root subgroups in Aut(D̂np ) are all the integers greater or equal than
n
l
, where l is the
smallest order of a root of p(z). Since in our case n = 1, we obtain that all positive integers appear as
weights of root subgroups. To compute the negative numbers that appear as weights of root subgroups,
we reverse the grading taking the automorphism t 7→ t−1 of Gm. This accounts to exchanging D+ and
D−. Now a similar application of [FZ05, Theorem 3.22] yields that all negative numbers appear as the
weight of a root subgroup in Aut(D1p ).
In the following lemma we show that the normalizations of Dnp and D
dn
pd
coincide.
Lemma 9. Let Dnp and D
m
q be two Danielewski surfaces and D̂
n
p and let D̂
m
q be their normalizations,
where p(z), q(z) ∈ C[z] and n,m ∈ Z>0. If n = d ·m and p(z) = q
d(z) for some d ∈ Z>0 then D̂
n
p
and D̂mq are isomorphic.
Proof. Let A = O(Dnp ) = C[x, y, z]/(x
ny − p(z)). The field of rational functions of A is C(x, z).
The element f = q(z)
xm
belongs to the normalization A˜ of A since it satisfies the equation y − fd = 0.
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This yields an inclusion of algebras A ⊆ B ⊆ A˜, where B = C[x, z, f ]. The lemma follows since
B ≃ O(Dmq ). 
Lemma 10. Assume D̂np has root subgroups of all weights different from zero. Then D̂
n
p is isomorphic
to D1q for some q ∈ C[z].
Proof. The surface D̂np is given by the combinatorial data D+ = 0 and D− = −
1
n
div(p) in A1. Since
D̂np has root subgroups of positive and negative weights, by [FZ05, Corollary 3.23] we have that the
fractional part of D− is supported in at most one point. The fractional part of a Q-divisor D =
∑
ai[zi]
in A1 is by definition {D} =
∑
{ai}[zi], where {ai} is the fractional part of ai. Since there are also
two root subgroups with negative weights whose weights differ by one, after reversing the grading with
the torus isomorphism t 7→ t−1 which has the effect of exchanging the roles of D+ and D−. Since
again D̂np has root subgroups of positive degree we can apply [FZ05, Theorem 3.22]. To do so we need
to replace the combinatorial data, up to a linear equivalence, D− + div(q) and D+ − div(q) to put the
new combinatorial data in the form of [FZ05, Theorem 3.22]. Now, we can argue as in the proof of
Lemma 7 to conclude that D− + div(q) = 0. It now follows that D− = −
1
n
div(p) = − div(q). This
is equivalent to p(z) = qn(z). Finally, since p(z) is a regular function on A1 the same holds for q(z)
and so q(z) ∈ C[z]. By Lemma 9 we conclude that D̂np is isomorphic to D̂
1
q , the normalization of D
1
q . A
straightforward computation shows that D1q has only isolated singularities and so D
1
q is already normal
by [Har77, Chapter 2, Proposition 8.23]. This concludes the proof. 
PROOF OF THEOREM 1
Let ϕ : Aut(D̂np ) → Aut(S) be an isomorphism of groups and let T ⊂ Aut(D̂
n
p ) be the acting torus
coming from the Gm-surface structure on D̂
n
p . Since D̂
n
p is a hyperbolic Gm-surface, by Theorem 4, S is
hyperbolic, ϕ(T ) is an algebraic 1-dimensional torus and root subgroups are mapped to root subgroups
with the same weight up to torus automorphism. By Lemma 7 there are two root subgroups with respect
to T in Aut(D̂np ) whose weights differ by one. We conclude that there are two root subgroups with
respect to ϕ(T ) in Aut(S) whose weights differ by one. Again by Lemma 7 we conclude that S is
isomorphic to the normalization of a Danielewski surface Dmq .
To prove the last statement of the theorem, recall first that D1p is always normal. If Aut(S) is iso-
morphic to Aut(D1p ) then S is isomorphic to the normalization of a Danielewski surface. Since the
isomorphism ϕ : Aut(D1p ) → Aut(S) preserves weights of root subgroups, by Remark 8 we have that
Aut(S) has root subgroups with all possible non-zero weights. It follows from Lemma 10 that S is
isomorphic to D1q for some q(z) ∈ C[z]. 
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